ABSTRACT. The quasiorders on a set X are equivalent to the topologies on X which are closed under arbitrary intersections. We consider the quaisorders on X to be partial orders on the blocks of a partition of X and use this approach to survey some fundamental results on the lattice of quasiorders on X.
INTRODUCTION
The study of topology on finite sets can be framed entirely in terms of equivalence relations, partitions, and partial orders. A natural construction is to partially order the members (blocks) of a partition of an arbitrary (finite or infinite) set X. It is easy to see that such a partially ordered partition of X is equivalent to a reflexive, transitive relation on X, that is, to a quasiorder on X. In 1937, Alexandroff showed that quasiorders on X are equivalent to the topologies on For Hausdorff topological spaces, the associated quasiorder relation is equality. These connections between topology and discrete mathematics have not been as widely recognized as they deserve to be, largely due to the historical connections between topology and analysis, with the latter branch being primarily concerned with Hausdorff topological spaces. Non-Hausdortt topological spaces are finding numerous applications today in areas of computer science. (See the references in Kong et al. [14] and Kopperman [15] .) Considering them as partially ordered partitions, we will study the principal topologies (quasiorders) on a set X, with particular attention to the lattice structure of the collection of all principal topologies on X. This collection is the collection of all topologies on X if X is finite.
A quasorder (or preorder) on a set X is a reflexive transitive relation on X. A partial order on X is an antisymmetric quasiorder on X. A total order on X is a partial order _< on X in which every pair of elements x, y E X are comparable, that is, either x <_ y or y <_ x. The discrete order on a set X is Ax {(x,x) x E X}. (Thus, the discrete order relation on X is equality.) A symmetric quasiorder on X is an equivalence relatzon on X. If (X, <) is an (partially or quasi-) ordered set, the decreasing hull of a subset B C_ X is defined to be dx(B) {x X x < b for some b B}. We say B is a decreasing set in X if B dx(B). Increasing hulls and increasing sets are defined dually. A lattzce is a partially ordered set in which every pair of elements has a supremum and an infimum. A poset in which every nonempty subset has a supremum and an infimum is a complete lattice. If a lattice has a least element, it will be called the zero of the lattice, and denoted 0. Similarly, if a lattice has a greatest element, it will be denoted 1. A parttzon of a set X is a nonempty collection of mutually disjoint, nonempty subsets of X whose union is X. The members of a partition P are called blocks of P. There is a natural correspondence between an equivalence relation on X and a partition of X: The equivalence classes of an equivalence relation R form the blocks of a partition P, and a partition 7 9 determines an equivalence relation R given by xRy if and only if x and y are in the same block of 79. The equivalence class of a X will be denoted by [ [a] [b] is a quasiorder on X. Thus, from any partially ordered partition of X, we can obtain a quasiorder on X, and from any quasiorder on X we can obtain a partially ordered partition on X. Performing these two tricks successively would carry us from a popartition of X to a popartition of X, or from a quasiorder on X to a quasiorder on X. In either case, the original structure is identical to the final one. Thus, our notion of popartition is identical to the notion of quasiorder, with only a slight disguise.
In 1937, Alexandroff [2] noted another occurence of quasiorders in slight disguise. Quasiorders on a finite set are identical to the topologies on that set! A princzpal topology on a set X is a topology on X that is closed under arbitrary intersections of open sets. Observe that any finite topology, and in particular, any topology on a finite set, is a principal topology. Quasiorders on an arbitrary set are identical to the principal topologies on that set! If " is a topology on X, the specialization order <_ on X is defined by x _< y if and only if x cl({y}), that is, if and only if every open neighborhood of y contains x. It is easy to check that the specialization order _< is a quasiorder. If _< is a quasiorder on X, the set of all decreasing subsets of X is a principal topology on X called the speczahzatwn topology associated with _<. Since complements of decreasing sets in a quasiordered set (X, <_) are increasing; sets, the closure of a set B C_ X relative to the specialization topology is the smallest increasing subset of X that contains B. Thus, the increasing hull ix(B) of B in (X, _<) is the closure of B relative to the specialization topology.
A good account of principal topologies appears in Steiner [22] . Principal [9] . Principal topologies are precisely the topologies in which every point has a smallest neighborhood. Karimpour [13] An excellent compilation of topological properties and the corresponding properties of the associated specialization quasiorder is given in Ern and Stege [9] . One can find there, for example, that a quasiorder on a finite set is an equivalence relation if and only if the specialization order is 2. ELEMENTARY LATTICE PROPERTIES Given a set X, there are natural partial order relations on the set Q(X) of all quasiorders on X, on the set PoPar(X) of all popartitions of X, and on the set PrTOP(X) of all principal topologies on X. With their natural order, each set is a complete lattice, and the one-to-one correspondences between these sets discussed above are lattice homomorphisms. Below we will define these natural order relations, and examine the lattice stucture primarily by considering the lattice PoPar(X). Lattices of principal topologies and quasiorder lattices have been studied by Ern [8] , Steiner [22] , and Tma [27] . Many of the works on principal topologies and quasiorders focus on applications to finite sets, in which case the lattice PrTOP(X) of all principal topologies on X is simply the lattice Top(X) of all topologies on X.
For topologies ' Any v-complete semilattice P th a let element is a complete lattice, for it is eily shown that for any S P, the supremum of the set of lower bounds of S is itself a lower bound of S and is thus the imum of S. PoPar(X) is a complete lattice. A description of the im of a set ((P, a))aeA in PoPar(X) will be useful. In Par(X), Aaea Pa can be described (see p. 579 Ore [18] This defines a ptiM order on P. Since chin connectedness implies loop coectedness, P is coser than Aaen P where the i is ten in Par(X). om the conruction of (P, ), P is the est paition below eh P, d P w given the nal order necessy to me it a lower bound of ((P, a))eA. Thus, in gogar(X), (P, ) AA((P, )).
Note that the pition derlying AA((Pa, a)) ( (7 , ,) . If they are not related, let (7, _---<n) be the popartition with T P and with 8n , t2 {{C, D} C -, A,B -Q, D}. Now (n, _-<n) is strictly between (, _9) and (,___e) in PoPar(X), again contradicting that (P,-<,) covers (,-<). Furthermore, since (,-<e) _< (T',-<,) and is obtained form P by identifying the two related blocks A and B, these blocks must form a convex set in (P, ,), i.e., A covers B or conversely.
FINITE POPARTITION LATTICES
With the aid of Proposition 3.2, we are able to explicitly describe the lattices PoPar(X) where X has 2 or 3 elements. Recall that when X is finite, the lattice Top(X) of topologies on X is isomorphic to PoPar(X). We will denote an n-element set {1, 2,..., n} by n. Let Sn,k represent the number of partitions of n with k blocks. These numbers, the Sterling numbers of the second kind, are discussed in Stanley [20] . Let Pk denote the number of partial orders on k. The numbers P for k 1,2,..., 14 are given in Ern and Stege [9] . It is easy to see that IPoPar(n_)l '=1Sn,Pk.
The values of IPoPar(n)l are given for small n in In Top (2) PoPar (2), the discrete partition of _2 with discrete order is the largest element. Table 4 .3 below. To avoid confusion with these labels, we will consider 3_ to be the set {a, b, c}. The lattice PoPar() is shown in Figure 4 (4) in Table 4 .5, and indicate the covering relations among these classes in Figure 4 .6. The weights on the edges of the graph in Figure 4 .6 represent the number of elements from the larger isomorphism class that cover each element from the smaller isomorphism class. For example, the edge from III to VI has weight 3, indicating that each partial order on 4 of type VI is covered by 3 partial orders of type III. These weights, together with the number of partial orders of each type (from Table 4 . Po(X). This last fact says that for every partial order _< on X, there is a total order _<t on X such that id (X, <_) (X, <_t) is increasing; that is, every partial order on X can be extended to a total order (see, e.g., Davey and Priestley [6] For any totally ordered partition ('P, _--<,) 6 ToPar(X), the set d(T') {(Q, _-<) 6 PoPar(X) (Q, _--<) _< (P, p)} is a A-complete sublattice of PoPar(X) with greatest element (7 , -<9), and is therefore a complete lattice. The members of d (7) are precisely the convex partitions of the totally ordered set (:P,-<,). For example, if (P, _--<,) is a totally ordered partition of X order isomorphic to n with the natural order, then d(P) corresponds to the convex partitions of __n. A chain topology on X is a topology on X whose open sets are totally ordered by inclusion.
Chain topologies are considered in Doyle [7] and Stephen [23] . The proposition below may be used to translate the recursive formula for IToPar(n)l in the preceding paragraph into the recursive formula given by Stephen [23, Theorem 2] for counting the number of chain topologies on n.
PROPOSITION 5.1.
A popartition (:P,-<) of X is a totally ordered partition if and only if the specialization topology -, is a chain topology on X.
PROOF. For x 6 X, let N(x) CI{N 6 T, x 6 N}. The result follows easily from the equivalence of these three statements: (1) N(x) C_ N(y), (2) y 6 cl{x}, (3) y <_ z. [3 Doyle [7] defines a tower space on n points to be any space homeomorphic to n with the chain topology {@, 1, 2, 3,..., _n_n}. More generally, we will say a chain topology, r on X is a tower topology on X if for every U 6 " there exists V 6 -and x 6 X \ V with V t3 {x} U. Doyle shows that a finite topological space X is a T0-space if and only if there is a continuous one-to-one function from X to a tower space. We will show that this is equivalent to the statement that a quasiorder on a finite set X is a partial order if and only if it can be extended to a total order on X. First, we will give a well known fundamental result on functions. 
Recalling that the lattice Q(X) of quasiorders on X is isomorphic to PrTop(X) .. PoPar(X) and that the partial orders on X correspond to To principal topologies, we see that M Po(X)fToPar(X) {To principal topologies on X}fq{principal chain topologies on X} {tower topologies on X}. Thus, the set T of tower topologies on X occupies a central position in PrTop(X), with i(T) isomorphic to the V-complete semilattice of To principal topologies on X, and d(T) isomorphic to the A-complete semilattice of principal chain topologies on X. Again recall that if X is finite, all topologies on X are principal and we could omit the word "principal" in the discussion above. 6 . OTHER LATTICE PROPERTIES In this section, we will assume some familiarity with some standard lattice theory concepts as given in Birkhoff [4] . Background material on continuous lattices can be found in Gierz et al. [11] .
PoPar(X) is complemented. Some complements of (79, ) E PoPar(X) are just the discretely ordered complements of 79 in Par(X). Thus For any natural number n, Par(n) is a semimodular lattice. Since the Jordan-Dedekind chain condition (all maximal chains between two given points have the same length) holds in any semimodular poset of finite length, Par(n) is graded by its height function h(7) maximum length of a chain from the indiscrete partition to 9. (See pp. 5, 15-16, 40 of Birkhoff [4] ). We will show that for n > 2, PoPar(n__) does not satisfy the Jordan-Dedekind chain condition, and therefore is neither semimodular nor graded, for n > 2, consider popartitions Pl, 9, 93 all with the discrete partition of n, and with 1 < 2 in 91, 1 < 2,1 < 3 in 9, and 1 < 2 < 3 in 93, with no other order except x _< x for all x 6 n. Let 94 and 9s be popartitions whose underlying partition is { { 1, 2} } t3 { {x}" x 3, 4,..., n}, with 94 carrying the discrete order, and with { 1, 2} < {3} in 9. Now 91,7, 93, 7:' and 91, 94, 9 are maximal chains from 91 to with different lengths.
